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Automatic Differentiation

▶ AD exploits chain rule and derivatives of “simple” functions to
compute derivatives of “complex” functions:

(g ◦ h)′ = g ′(h)h′

▶ The two main methods are Reverse Mode (aka
Backpropagation) and Forward Mode.
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Taylor Mode Automatic Differentiation

Higher-order derivatives can be computed via nested first-order AD
or Taylor Mode AD.
▶ We undestand the input x as smooth curve x : R → Rn and

define

x0 := x(t0)

xk := dk

dtk x(t)
∣∣∣
t0

▶ Goal: Compute dK

dtK f (x(t))
∣∣∣
t0
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Taylor Mode AD

▶ f0 = f (x0)

▶ f1 = f ′(x0)x1
▶ f2 = f ′′(x0)x2

1 + f ′(x0)x2
▶ f3 = f ′′′(x0)x3

1 + 3f ′′(x0)x1x2 + f ′(x0)x3

▶ fK =
∑

π∈part(K)
ν(π)f (|π|)(x0)(⊗i∈πxi)
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Taylor Mode AD
For f = (g ◦ h)(x) we have the following propagation:


x0
x1
x2
...

xK

 →



h0 = h(x0)
h1 = h′(x0)(x1)

h2 = h′′(x0)(x1, x1) + h′(x0)(x2)
...

hK =
∑

π∈part(K)
ν(π)h(|π|)(x0)(⊗i∈πxi)



→



g0 = g(h0)
g1 = g ′(h0)(h1)

g2 = g ′′(h0)(h1, h1) + g ′(h0)(h2)
...

gK =
∑

π∈part(K)
ν(π)g (|π|)(h0)(⊗i∈πhi)


=


f0
f1
f2
...

fK


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Higher-Order Derivatives
▶ Higher-order derivatives are required in the training of Physics

informated networks (PINN).
▶ Goal of a PINN is to find weights θ such that the neural

network fθ fullfils a PDE{
∆fθ(x) = g(x) x ∈ Ω
fθ(x) = 0 x ∈ ∂Ω

▶ To train a PINN the following loss is used

L(θ) = 1
N

N∑
i=1

(∆fθ(xi) − g(xi))2
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Higher-Order Derivatives

We consider higher-order derivatives occuring in structured
operators:

▶ Laplacian: ∆f (x) =
n∑

r=1

∂2f (x)
∂x2

r
=

n∑
r=1

f ′′(x)(er , er )

▶ Biharmonic Operator:

∆2f (x) =
n∑

r1=1

n∑
r2=1

∂4f (x)
∂x2

r1∂x2
r2

=
n∑

r1=1

n∑
r2=1

f (4)(x)(er1 , er1 , er2 , er2)
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Forward Laplacian

▶ Li et al. ([1]) found a more efficient propagation schemes to
compute the Laplacian of y(x) = (hL ◦ · · · ◦ h1)(x).

▶ Leveraging the structure of the operator was key:

([1])
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Forward Laplacian

([2])
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Forward Laplacian

Can we generalize this?
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Setting

Given a function f : Rn → Rm that is decomposable into
f = g ◦ h.
▶ Goal: Compute a differential operator of the form

R∑
r=1

f (K)(x)(v1r , . . . , vKr ).

▶ Via: Structure exploitation of the operator and Taylor mode.
▶ Example: Laplacian (R = n, K = 2, vir = er )
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Faà di Bruno Formula

To this end, we understand the input x as smooth curve
x : R → Rn and define

x0 := x(t0)

xk := dk

dtk x(t)
∣∣∣
t0

.

The Faà di Bruno ([3]) formula of (g ◦ h)(x(t)) is given by

dK

dtK (g ◦ h)(x)(t)
∣∣∣
t0

=
∑

π∈part(K)
ν(π)g (|π|)(h0)(⊗i∈πhi).
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Taylor Mode AD


x0
x1
x2
...

xK

 →



h0 = h(x0)
h1 = h′(x0)(x1)

h2 = h′′(x0)(x1, x1) + h′(x0)(x2)
...

hK =
∑

π∈part(K)
ν(π)h(|π|)(x0)(⊗i∈πxi)



→



g0 = g(h0)
g1 = g ′(h0)(h1)

g2 = g ′′(h0)(h1, h1) + g ′(h0)(h2)
...

gK =
∑

π∈part(K)
ν(π)g (|π|)(h0)(⊗i∈πhi)


=


f0
f1
f2
...

fK


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Taylor Mode AD

 x0
x1,r
x2,r

 →

 h0 = h(x0)
h1,r = h′(x0)(x1,r )

h2,r = h′′(x0)(x1,r , x1,r ) + h′(x0)(x2,r )


→

 g0 = g(h0)
g1,r = g ′(h0)(h1,r )

g2,r = g ′′(h0)(h1,r , h1,r ) + g ′(h0)(h2,r )

 =

 f0
f1,r
f2,r



T. Siebert Collapsing Taylor Mode Automatic Differentiation 11 / 20



Taylor Mode AD

 x0
x1,r
x2,r

 →

 h0 = h(x0)
h1,r = h′(x0)(x1,r )

h2,r = h′′(x0)(x1,r , x1,r ) + h′(x0)(x2,r )


→

 g0 = g(h0)
g1,r = g ′(h0)(h1,r )

g2,r = g ′′(h0)(h1,r , h1,r ) + g ′(h0)(h2,r )

 =

 f0
f1,r
f2,r


→
sum

n∑
r=1

f2,r

T. Siebert Collapsing Taylor Mode Automatic Differentiation 11 / 20



Taylor Mode AD
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Taylor Mode AD


x0
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h2,r = h′′(x0)(x1,r , x1,r ) + h′(x0)(x2,r )
...

hK ,r =
∑

π∈part(K)
ν(π)h(|π|)(x0)(⊗i∈πxi ,r )



→



g0 = g(h0)
g1,r = g ′(h0)(h1,r )
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
=


f0
f1,r
f2,r
...

fK ,r

 → · · · →
∑

r
fK ,r
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Exploit Structure

R∑
r=1

fK ,r =
R∑

r=1
gK ,r

▶ The highest coefficient occurs only in the last term.
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Exploit Structure

Then we have R∑
r=1

∑
π∈part(K)\{π̃}

ν(π)g (|π|)(h0)(⊗i∈πhi ,r )

+
R∑

r=1
g ′(h0)(hK ,r ).

▶ Sum the highest coefficient first, then propagate!
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Collapsed Taylor Mode


x0
x1,r
x2,r

...
xK ,r

 →



h0 = h(x0)
h1,r = h′(x0)(x1,r )

h2,r = h′′(x0)(x1,r , x1,r ) + h′(x0)(x2,r )
...∑

r
hK ,r =

∑
r

 ∑
π∈part(K)\{π̃}

ν(π)h(π)(x0)(⊗i∈πxi ,r )

+
∑

r
h′(x0)(xK ,r )



→



g0 = g(h0)
g1,r = g ′(h0)(h1,r )

g2,r = g ′′(h0)(h1,r , h1,r ) + g ′(h0)(h2,r )
...∑

r
gK ,r =

∑
r

 ∑
π∈part(K)\{π̃}

ν(π)g (π)(h0)(⊗i∈πhi ,r )

+
∑

r
g ′(h0)(hK ,r )


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Collapsed Taylor Mode
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r

xK ,r
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∑
r

 ∑
π∈part(K)\{π̃}

ν(π)h(π)(x0)(⊗i∈πxi ,r )

+ h′(x0)
(∑

r
xK ,r

)



→
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Collapsed Taylor Mode

▶ Laplacian:
n∑

r=1
f ′′(x0)(er , er )

→ K = 2, R = n, x1,r = er , x2,r = 0
▶ Weighted Laplacian:

n∑
r=1

f ′′(x0)(vr , vr )

→ K = 2, R = n, x1,r = vr , x2,r = 0
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Collapsed Taylor Mode for Mixed-Partials

Biharmonic Operator as example for linear operator with
mixed-partials:

n∑
r1=1

n∑
r2=1

f (4)(x0)(er1 , er1 , er2 , er2).
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Collapsed Taylor Mode for Mixed-Partials
Biharmonic Operator as example for linear operator with
mixed-partials:

n∑
r1=1

n∑
r2=1

f (4)(x0)(er1 , er1 , er2 , er2).

Use interpolation formula ([4]) to enable Taylor Mode

n∑
r1=1

n∑
r2=1

f (4)(x0)(er1 , er1 , er2 , er2)

=
n∑

r1=1

n∑
r2=1

∑
q∈N2,|q|=4

c(2,2),qf (4)(x0)
(
(q1er1 + q2er2)⊗4

)
.

T. Siebert Collapsing Taylor Mode Automatic Differentiation 16 / 20



Performance

([2])
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Conclusion

▶ Leveraging the structure of the operator in the Faà di Bruno
formula reduces runtime and memory.

▶ pip install jet-for-pytorch
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Conclusion

▶ Leveraging the structure of the operator in the Faà di Bruno
formula reduces runtime and memory.

▶ pip install jet-for-pytorch

Outlook
▶ Multivariate Taylor Mode could lead to even better schemes.
▶ Further symmetries should be exploited automatically as well.
▶ Numerical Properties of the collapsing method.
▶ Apply our method to other model types.
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